We develop the plus/minus p-Selmer group theory and plus/minus padic L-function theory for an elliptic curve E with complex multiplication over an abelian extension F of the imaginary quadratic field K given by the complex multiplication of E when p is a prime inert over K/Q (i.e. supersingular). As a result, we prove that the characteristic ideal of the Pontryagin dual of the plus/minus p-Selmer group of E over the cyclotomic Zp-extension of F is generated by the plus/minus p-adic Lfunction of E. This work is a generalization of [12] , [14] , and [15] .
Introduction
Let E be an elliptic curve defined over a number field F with complex multiplication by the integer ring O of an imaginary quadratic field K. In [15] Pollack and Rubin proved the following conjecture of Kobayashi: Theorem 1.1. Suppose F = Q. Let p > 2 be a prime where E has good supersingular reduction and Q ∞ be the cyclotomic Z p -extension of Q. Then char(Hom(Sel
Here Sel ± p (E/Q ∞ ) is the plus/minus Selmer group constructed by Kobayashi ([12] ) and L ± E is the plus/minus p-adic L-function constructed by Pollack ([14] ). This conjecture, which in its original form is stated without a reference to complex multiplication, should be understood as the main conjecture of Iwasawa theory for supersingular primes. The main conjecture for ordinary primes proposed by Mazur and Swinnerton-Dyer was proven for elliptic curves with complex multiplication by Rubin in his landmark paper [18] , and for elliptic curves without complex multiplication, its one divisibility was proven by Kato in his seminal paper [9] .
The goal of the present paper is a generalization of theorem 1.1 when E is defined over an abelian extension of K.
We will state the condition precisely. By the main theorem of complex multiplication ( [23] ) there is a Hecke character ψ of F associated to E. We assume F (E tor ) is an abelian extension of K, which is equivalent to the existence of a Hecke character ϕ of K of type (1,0) such that
Let f be an integral ideal of K divisible by cond(F/K) and f ϕ . Fix a prime number p which is prime to f , inert over K/Q, splitting completely over F/K, and inert over K(f )/F (i.e. assume every prime of F above p is inert in K(f )).
Let R p be the ring of integers of a certain extension of Q p which includes K(ϕ,φ) and all the d-th roots of unity for d = [F : K]. Let Q ∞ be the cyclotomic Z p -extension of Q and F cyc = F Q ∞ . Let X ± := Hom(Sel
. If ϕ(p) ≡ p (mod p 2 ), we have
(Do not be alarmed by the difference of the signs in the equation. It is simply a matter of convention.)
By the control theorem of the plus/minus Selmer groups ([10] lemma 4.21) theorem 1.2 implies the following: Let F n be the subfield of F cyc with Gal(F n /F ) ∼ = Z/p n Z and χ be a primitive character of Gal(F n /F ). Let L(E/F, χ, s) be the L-function of E over F twisted by χ. Corollary 1.3. If n is 0 or odd, the χ-part of the Mordell-Weil group E(F n ) is finite if L(E/F, χ, 1) is non-vanishing. We can obtain the same result for an even n if ϕ(p) ≡ p (mod p 2 ).
More precisely, if n is 0 or odd, the χ-part of the p-Selmer group Sel(E/F n ) is finite if and only if L(E/F, χ, 1) is non-vanishing. If n is even and ϕ(p) ≡ p (mod p 2 ), the χ-part of Sel(E/F n ) is finite if and only if L(E/F, χ, 1) is nonvanishing. Probably the same result can be obtained using the techniques in [18] . However, the point of theorem 1.2 is that a simple formula captures a vast amount of information. (The same can be said of other main conjectures of Iwasawa theory. Also, a more appropriate name for our theorem would be "a conjecture analogous to the main conjecture of Iwasawa theory" because the plus/minus Iwasawa theory is a relatively new field.)
The main difference between the present paper and previous works such as [15] is the development of the plus/minus Iwasawa theory for a CM elliptic curve E over an abelian extension F of the imaginary quadratic field K. (In the past, the plus/minus Iwasawa theory was mostly limited to elliptic curves over Q.) We generalize Kobayashi's theory of the plus/minus Selmer group to a CM elliptic curve (section 2). And we construct its plus/minus p-adic Lfunction by applying Pollack's theory to certain CM theta series associated to the Hecke characters ϕ andφ (section 4). In sections 3 and 5, we will show how they are related by the powerful techniques developed over the years, Explicit Reciprocity Law, logarithmic derivatives ("the Coates-Wiles derivatives"), the Euler systems of elliptic units, and of course the all-important main conjecture of Iwasawa theory for imaginary quadratic fields of [18] .
We have a few words about the conditions on p. The condition that p splits completely over F/K has the advantage that F q = K p for any prime q above p, thus the formal group associated to E for any F q is isomorphic to the same Lubin-Tate group of parameter ϕ(p). The condition that every prime of F above p is inert over K(f )/F has the advantage that we have only one local extension to deal with for each prime of F above p. These are mostly technical advantages and we are optimistic that we can remove these conditions in the future. We generalized the Explicit Reciprocity Law mentioned above a little bit. It turned out we did not need the generalized version in this paper, but we expect that it will be used to remove the conditions on p we just mentioned.
Formal groups and plus/minus universal norms
In this paper we will use Honda theory of formal groups as in [12] , however, it should be noted that we can instead use Fontaine's theory of smooth formal group schemes as in [13] and [11] .
Throughout this section we fix a prime p.
For simplicity, for a formal group F and a local field L, we let F (L) denote F (m L ) for the maximal ideal m L of the ring of integers of L.
Honda theory of formal groups
In this paper, a formal group is always one-dimensional and commutative. In this section we will briefly summarize Honda's theory of formal groups. Definition 2.1 (Formal group law). Let R be a commutative ring with identity. A one dimensional (commutative) formal group law over R is a power series
There is a unique power series
Definition 2.2 (Homomorphisms). We write
Let F and G be formal groups over R.
, we call it a (weak) isomorphism. If a weak isomorphism f (X) is f (X) = X (mod deg 2), we call it a strong isomorphism.
Now let K be a discrete valuation field of characteristic 0 and let O := O K and P := P K be the ring of integers and the maximal ideal. Additionally we assume O/P is a field of characteristic p and there is an endomorphism σ of K and a power q of p such that
] denote the non-commutative power series ring with the mul-
Let π be any uniformizer of O.
Theorem 2.4 (Honda, [7] section 2, theorem 2). Let a be a unit in O and
Lubin-Tate group and Explicit Reciprocity
We briefly review the (relative) Lubin-Tate group, Coates-Wiles derivative, and Explicit Reciprocity of Lubin-Tate groups of Wiles. In the end, we will introduce a little more general Explicit Reciprocity Law. Let k be a finite extension of Q p and let q be the order of the residue field O k /p k . (In this section, p k will denote the prime ideal of k.) We let F r denote the q-th Frobenius on There is a formal group F f /O such that 
For any x n ∈ F f F r n (k n ), there is y n with f (n) (y n ) = x n . We define the Kummer pairing
For the following theorem, we assume k = k. Theorem 2.8 (Explicit Reciprocity, [26] ). Let λ(X) be a logarithm of F f . Let
(The right-hand side does not depend on the choice of λ.)
More generally we can prove the following (without assuming k = k) by adapting the proof of Wiles or that of de Shalit ( [3] , section 1.4, which proves Wiles' theorem with a different method).
Initially we thought we needed this result for this paper, but it turned out theorem 2.8 is sufficient for our work. In any case, we record this in the hope that it will be useful later. The proof is similar to theorem 2.8.
Plus/minus universal norms
Let k be the unramified quadratic extension Q p 2 and O be the ring of integers of k. Let ρ ∈ k × be a uniformizer of k (i.e. v p (ρ) = 1). Let φ be the p-th Frobenius map, i.e., the non-trivial element of Gal(k/Q p ). We let k ∞ = k(µ p ∞ ) and let k ∞ be the subextension of
assuming m((X + 1)
and by substituting (X + 1) p − 1 for X in (1), we find
(from the first line to the second is also from (1)).
We can easily check
(From the first line to the second line is by lemma 2.10.) Thus by theorem 2.4 there is a formal group F ρ over O with log Fρ (X) = l(X).
Proposition 2.11. F ρ is a Lubin-Tate group of height 2 and parameter ρ.
Proof. We define a map θ :
if everything is well-defined (i.e., convergent). It is not hard to check exp Fρ (X) =
hard. In addition, it is easy to see
) and θ(X) = ρX modulo degree 2. We will show F ρ is a Lubin-Tate group of height 2 associated to θ(X). According to the definition of a Lubin-Tate group, all we need to do is showing θ(X) is a homomorphism, i.e., showing
By definition we have
(the only issue is the convergence of θ(X)[+] Fρ θ(Y ), which is not hard). It completes our proof.
The proof also implies that θ(X) = [ρ](X) where [ρ](X) is the endomorphism of the Lubin-Tate group
Thus we have
On a different note, since F ρ is a Lubin-Tate group of height 2 defined over O, similar to [12] Proposition 8.7 we can show the following:
We choose ∈ F ρ (O) to be an element such that
We hope that the first author's forthcoming paper ( [11] ) will shed more light on the reason why we define F ρ and this way. Fix a primitive p n -th root ζ p n such that ζ p p n = ζ p n−1 for every n ≥ 1. We define b n ∈ F ρ (k n ) by
It is easy to check Tr kn/kn−1 l(b n ) = p ρ l(b n−2 ) for every n ≥ 2, and by (2) it
Since F ρ (k n ) is torsion-free for any n, it implies
(In other words, in the definition of τ n (χ), χ is always considered to be a character of Gal(k n /k).) We have the following simple proposition.
Then we have the following.
Proposition 2.14. Let χ be a primitive character of Gal(k n /k). Then
Proof.
Finally, we define the plus/minus universal norms as follows.
Definition 2.15 (The plus/minus universal norms).
In particular, we have
. (This is because l = log Fρ : F ρ (O) → pO is an isomorphism and log Fρ preserves the p-adic valuation of the elements of F ρ (O). The condition for d + 0 is why we will assume ϕ(p) ≡ p (mod p 2 ) when we study the plus Selmer group.) Obviously, these points satisfy
Definition 2.16 (The plus/minus norm subgroups). Let k −1 = k. We define
We let
by identifying some topological generator of G ∞ with X + 1. There is an isomorphism
(This group, when tensored with O, contains F ρ (k n ) and its index is finite.)
Proposition 2.17. We have
2 ) for the plus case).
Proof. The readers should also see [10] proposition 3.11 and [12] proposition 8.12. Also, a similar idea will be repeated later.
There is a pairing induced from T ∼ = Hom(T, Z p (1)) by
Similar to [12] proposition 8.19 we have im(P n,d
(We can show the commutativity similar to [12] lemma 8.15.) Naturally we have
By taking the Pontryagin dual (denoted by ∨) we have
(the injectivity of the first map follows from the definition of D ± n . See [10] remark 3.4. Also, note that
∨ is given by the nondegeneracy of the local Tate pairing
) Two things follow from this short exact sequence. First, ker Col ± n is the exact annihilator of D ± n ⊗ Q p /Z p with respect to the local Tate pairing. Thus in turn we have
Second, the last map in (3) is surjective.
In the case n = 0, from the discussion before definition 2.16 it follows that
. Combined with the surjectivity of the last map in (3), it implies Col ± 0 is surjective. By Nakayama lemma it implies every Col ± n is surjective. Thus our first claim follows.
The second claim follows simply by comparing the O-coranks.
CM elliptic curves
We will let
Setup
Let K be a quadratic imaginary field. Let F be an abelian extension of K and E be an elliptic curve over F with complex multiplication by K with
denote the endomorphism of E whose differential is a. By the main theorem of complex multiplication ( [23] ) there is a Hecke character ψ of F with values in K satisfying
for any ideal A ⊂ O F prime to the conductor of ψ and any torsion u of E whose order is prime to the norm of A. We assume F (E tor ) is an abelian extension of K, which is equivalent to the existence of a Hecke character ϕ of K of type (1, 0) such that
Let f be an ideal divisible by both cond(F/K) and f ϕ , the conductor of ϕ. Fix a prime number p which is prime to f , inert over K/Q (thus supersingular), splitting completely over F/K, and inert over K(f )/F (i.e. every prime of F above p is inert in K(f )).
We
. We let M denote the maximal abelian p-extension of K(f p ∞ ) unramified outside the primes above p and let X = Gal(M/K(f p ∞ )). We fix an embedding i :Q → C p , then the complex conjugation induces a conjugation φ on C p . Note that φ restricted on K p is the p-th Frobenius map.
The embedding i fixes the prime q of F above p and the prime q n of F n ,
, etc. so that we can avoid overloading the notation.
Let E a denote E σa andÊ a denote the formal group over O Fa associated to E a .
The theory of complex multiplication
We fix a Weierstrass model for E
and write ω = dx/y for the corresponding differential of the first kind. For the period lattice L of ω, the analytic uniformization of E is given by
for the Weierstrass ℘-function ℘(z, L) associated to the Weierstrass model. Note that under our hypothesis, E is F −isogenous to E σ for any Galois map σ ∈ Gal(K/K). The main theorem of complex multiplication ( [23] 5.3) claims that for any integral ideal a ⊂ O K prime to f ϕ and cond(F/K), there is a unique isogeny λ(a)
for some ν(a) ∈ F and L a = ν(a)a −1 L. And also we have
for any u ∈ E[c], (c, a) = 1. We can check ν satisfies the cocycle condition ν(ab) = ν(a) σ b ν(b) thus we can extend ν to fractional ideals. In addition, we can easily check that if [a, F/K] = 1, we have ν(a) = ϕ(a).
3.3 Decomposition of Tate modules, plus/minus norm groups, etc.
Let K be the finite extension K(ϕ,φ). Let K p be the topological closure of the image of K under the embedding i :Q → C p fixed in section 3.1. We
We recall from section 3.1 that we can identify T p with O p through the character κ :
We let T and T denote T p ⊗ Op R p and T p ⊗ Op,φ R p (both free R p -modules of rank 1). In both, R p acts on the right, and in the latter the tensor is twisted by φ. In other words T is
We check the following. Proposition 3.1. We have
and there are non-degenerate Galois-equivariant pairings
Proof. To prove the first claim, we let
The Weil pairing induces the pairing T ⊕ T × T ⊕ T → R p (1). The second claim follows easily. The only non-obvious point is that it induces the pairing T × T rather than T × T, which we can check by looking at the action of G F on T, T, and R p (1).
The cup product and invariant map induce
For x = (x n,a ) ∈ a∈SÊ a (F n,a ) ⊗ Op R p we define the Perrin-Riou map
Recall the Lubin-Tate group F ρ over O p of height 2 and parameter ρ = ϕ(p) defined in section 2.3. We note thatÊ a is a Lubin-Tate group over O Fa = O p of height 2 and of parameter ν(p) = ϕ(p) (see [3] p.46). We also note that every Lubin-Tate group of the same height and parameter is isomorphic thusÊ a is O p -isomorphic to F ρ .
We fix an isomorphism i a : F ρ →Ê a such that logÊ a •i a = log Fρ .
Definition 3.2. Since we have the decomposition Gal(F cyc /K) = Gal(F/K) × Gal(F cyc /F ), we can write any σ ∈ Gal(F cyc /K) as (σ, σ ) for uniqueσ ∈ Gal(F/K) and σ ∈ Gal(F cyc /F ). Recall the plus/minus universal norms d
where σ a = (σ a | Fcyc ) .
Proposition 3.3. (For the plus part, we assume
Similarly there isf 
where the horizontal maps are the Perrin-Riou maps instead of ±-Coleman maps, the left vertical map is restriction and the right vertical map sendsω
η has the prescribed property. Findingf ± η is similar.
Elliptic Units
By replacing E with E σ for some σ ∈ G K , we can assume the period lattice L of E is given by L = Ω E f for some period Ω E ∈ C × . Let F r be the p 2 -th Frobenius map. For every n ≥ 0 there is an f -division point w n of p n L such that
It follows that w 0 ≡ Ω E (mod L) and w n ≡ w n−1 (mod p n−1 L) for n ≥ 1. Then there exists u n ∈ L/p n L for every n ≥ 0 satisfying
By the main theorem of complex multiplication we have
We consider
as a local point of E a (K(f p n ) a ). Since it is a p n -torsion point and E a has supersingular reduction at q σa , we can consider it as a point in the formal completionÊ a (K(f p n ) a ).
Definition 3.4. Let I denote the set of integral ideals of K prime to 6f p. For
where is the discriminant function and λ runs over the nonzero residue classes
We define the elliptic unit
Also we define its inverse limit
with respect to the norm
Here we note π a n ∈Ê a (F n,a ) satisfiesλ(p)(π a n ) = π a n−1 .
Recall the definition of Coates-Wiles derivative (definition 2.7). Define
(as a power series), Q a (X) = P a (λÊ a (X)). 
(X) = Q a (X), and we have the following. Proposition 3.5. Let δ n,a (u) denote the Coates-Wiles derivative δ n,Ê a (u) with respect to π a n . We have
Proof. By definition we have
By [19] proposition 6.7 or by [3] p.62, we obtain our claim. 
Proof. Combine [3] chapter 2 propositions 3.3 and 3.5.
Kummer pairing and explicit reciprocity
, and U = ⊕ a∈S U a . (The inverse limit is with respect to the norm.)
Let E K(f p n ) denote the closure of the projection of the global units O
into U K(f p n ) , and let E = lim ← − E K(f p n ) . Let C denote the closure in E of the group generated over Gal(K(f p ∞ )/K) by the elliptic units ξ b as b runs over integral ideals of K prime to 6f p.
Recall the definition of M in section 3.1 and X = Gal(M/K(f p ∞ )). We make the following notation. Definition 3.8. Recall we can identify T with O p such that Gal(K(f p ∞ )/F ) acts on T as the multiplication by the character κ :
We consider ξ b as an element embedded in C κ Fcyc and Cκ Fcyc . 
Proof. The proof is the same as [20] proposition 11.6.
The only condition is b = (x b ) splits completely in F/K. Once and for all, we fix b that splits completely in K(f )/K such that x b ≡ 0, 1 (mod p).
We let U κ cyc,a and Uκ cyc,a denote (U a ) κ Fcyc and (U a )κ Fcyc .
Definition 3.10. For a field L/F , the Selmer group of E over L is
where v runs over all places.
We have
On the other hand, for any a ∈ S we havê
(see Hazewinkel's series of papers on this subject or [1] ). On the other hand, we have the following. Proposition 3.11.
Proof. We can prove this by Hoschild-Serre spectral sequence and the long exact sequence of cohomology groups. See [21] proposition 5.4.
Thus we have
We make an obvious observation that these isomorphisms are coming from the following Kummer pairings. Recall that π a n is a primitive root of f (n) := λ(p) • · · · •λ(p). For each n > 0, we have the following Kummer pairing
where α n is any root of f (n) (X) = x. This pairing does not depend on the choice of α n . SinceÊ
for any x ∈Ê a (K(f p n ) a ), thus we have a pairing
, there is a pairing
Similarly we can define
and from now on we iden-
. For notational convenience, we let ξ denote ξ b for the fixed b, and identify ξ with its image in U κ Fcyc and Uκ Fcyc . We define the following: Let χ be a character of
and for
Similar to [21] proposition 5.6, explicit reciprocity (theorem 2.8) yields the following: For x ∈Ê a (F a (π a n )), u ∈ lim ← − U Fa(π a n ) , and σ ∈ G n ,
Recall that
where χ is considered a character of both G n−1 := Gal(F n−1,a /F a ) and G n . Thus for a fixed χ ∈Ĝ n−1 ,
We have the following proposition.
Proposition 3.12. Let χ be a primitive character of G n , η be a character of Gal(F/K), d
± n,η be the points defined in section 3.3, and , and , φ be the pairings given by adding , K(f p ∞ )a and , K(f p ∞ )a,φ over all a ∈ S. If (−1) n ≡ , we have
Proof. Throughout the proof, we use the decomposition Gal
We note that the embedded image of ξ in U is (ξ σa ) a∈S . We have
(Here N stands for the norm
where F r is the p 2 -th Frobenius map that generates Gal(F un a /F a ). Thus we can see g N ξ σa = τ ∈Gal(K(f )a/Fa) g τ ξ σa . By propositions 3.5 and 3.6 we have
the first claim follows (again) by proposition 3.6. The second statement follows similarly. We only need to observe that
where -1 in χ(−1) stands for the complex conjugation.
Using the main conjecture of Iwasawa theory for imaginary quadratic fields
We recall the definition of the plus/minus norm subgroups (definition 2.16).
Definition 3.13 (Plus/minus Selmer group).
Proposition 3.14. We havê
Proof. Obvious.
a . Let α : U → X be the Artin map of global class field theory. The following is clear. Proposition 3.15.
Proof. It follows from 
and Uκ Fcyc /Ṽ ±, are free of rank d over Λ Rp .
Proof. (i) is from [5] .
(ii) follows from proposition 3.3. We note L(φ, ηχ, 1) and L(ϕ, ηχ, 1) are non-vanishing for infinitely many finite characters χ of Gal(F cyc /F ) by Rohrlich ([16] ). Then (ii) follows from proposition 3.12 and (i).
The following proposition follows from the main conjecture of quadratic imaginary fields ( [18] ). Proposition 3.18. (Again, for the plus part, we assume ϕ(p) ≡ p (mod p 2 ).)
In other words
Combined with proposition 3.12, we obtain this.
∨ ) for some f ± ∈ Λ Rp such that for every primitive character χ of Gal(F n /F ) with (−1) n = we have
where the L /F -function is the sum over all integral ideals of F prime to f p.
Proof. From proposition 3.14 we have
Let ϕ ± be the image of ξ under (5) and ϕ ±, be the image of ξ under (6) . Recall f 
and we have char(U
η . For every nontrivial character χ : Gal(F n /F ) →Q × for any n, we have
We can compute the left-hand sides using proposition 3.12.
Similarly,
On the other hand, from proposition 3.3 we have
(
Furthermore, we can make the following point: Since we made the assumption that b = (x b ) splits completely over K(f )/K and
, which are units in Λ Rp . Thus our theorem follows.
Analytic plus/minus p-adic L-functions
We keep the notations of the previous sections. Recall that E is an elliptic curve over F with CM by O K . The goal of this section is to construct the analytic plus/minus p-adic L-functions of E/F for supersingular prime p using the idea of [14] .
Pollack's supersingular p-adic L-functions
R. Pollack in [14] constructed the plus/minus p-adic L-function L ± p (f, T ) belonging to the Iwasawa algebra for a Hecke eigenform f at a supersingular prime p, in the case its p-th Hecke eigenvalue (p-th Fourier coefficient) is 0. We briefly review his construction for weight 2 Hecke eigenforms.
Let f be a Hecke eigenform of weight 2, level N, and character whose n-th Hecke eigenvalue is a n . Let K f the number field generated by a n and values of ; let O f denote its ring of integers. The periods of f are defined by [14] , Lemma 4.1). Let K f,p be the completion of K f at p; let O K f,p denote its ring of integers. Note if p is a supersingular prime then L p (f, α, T ) does not belong to the Iwasawa algebra. But thanks to Pollack, we have analytic plus/minus p-adic L-functions for supersingular prime p which are actually elements of the Iwasawa algebra. The main theorem 5.1 of [14] says Theorem 4.1 (Pollack) . If p is odd and a p = 0, then there exist L
It turns out (since a p = 0, two allowable roots are α and −α)
.
Application to CM elliptic curve over F
Now we apply his construction to our settings. Let f (a non-zero ideal of F ) be a conductor of E/F . By the main theorem of Complex Multiplication, one can attach an algebraic Hecke character ψ of conductor f to E/F which has the following property:
where ψ is the complex conjugation of ψ. Due to our running assumption (see section 3.1), we have
where Gal(F/K) is the set of characters of Gal(F/K). Let θ ηϕ be the CM modular form associated to ηϕ given by
where the sum is over integral ideals of K prime to f ηϕ = l.c.m.{f ϕ , f η } and σ A ∈ Gal(F/K) is the image [A, F/K] of the Artin reciprocity map. Then, by Hecke (see the page 141 of [22] ), θ ηϕ is a weight 2 Hecke (new) eigenform for Γ 0 (N ) where N = D · Norm(f ηϕ ), with the nebentypus character ηϕ given by
for every prime N where ( D · ) is the quadratic character associated to K. Note a 1 (ηϕ) = 1.
Let p be an odd prime inert in K which is prime to f , which in turn implies a p (ηϕ) = 0 for any η ∈ Gal(F/K) (so supersingular prime for E/F ). Let α 1 (ηϕ) and α 2 (ηϕ) be allowable (i.e., h i = ord p (α i (ηϕ)) < 1 for i = 1, 2) roots of x 2 − a p (ηϕ)x + ηϕ (p)p = 0. So we have α 1 (ηϕ) = −α 2 (ηϕ) = α 2 (ηϕ) and −α 1 (ηϕ) 2 = (ηϕ) (p)p = −ϕ(pO K ), since η(σ pO K ) = 1. In other words, α 1 (ηϕ) 2 = ρ where ρ := ϕ(pO K ). Note that corollary 10.4.1 in [24] tells us
We remark one of properties of the p-adic L-function L p (θ ηϕ , α 1 (ηϕ), T ):
Let χ be a finite order character on Z × p of conductor p n+1 whose tame part is trivial. Then using Proposition 2.11 of [14] and the above remarks, we compute for any odd positive integer n We compute the minus p-adic analytic functions of θ ηϕ and θ ηφ similarly: Φ 2j−1 (ζ p n ) for n even positive integer.
Therefore this gives
for n even. Consequently, we have the following interpolation properties
for every primitive character χ of Gal(F n /F ) with (−1) n+1 = ( is the parity of ±).
Note that by the theorem of Rohrlich (see [16] ), there are only a finite number of characters χ of p-power order and conductor such that L(θ ηϕ , χ, 1) = 0, guaranteeing that the p-adic L-functions L ± p is not identically zero.
Main conjecture for CM elliptic curves
This section we compare the analytic p-adic L-function with the algebraic padic L-function to prove the main conjecture. We define the analytic plus/minus p-adic L-function L ± (E/F, T ) of our CM elliptic curve E/F ; Definition 5.1 (Plus/Minus p-adic L-function for E/F ).
We saw its interpolation property in the previous section. Note that L ± p (E/F, T ) depends on the choice of complex periods and from now on we fix these periods as follows; 
Our theorem 5.2 implies
under our choice of periods.
